The gravitational force and potential of the finite Mestel disk by Schulz, Earl
ar
X
iv
:1
11
2.
35
94
v1
  [
as
tro
-p
h.C
O]
  1
5 D
ec
 20
11
Draft version December 16, 2011
Preprint typeset using LATEX style emulateapj v. 5/2/11
THE GRAVITATIONAL FORCE AND POTENTIAL OF THE FINITE MESTEL DISK
Earl Schulz
60 Mountain Road, North Granby, CT 06060
Draft version December 16, 2011
ABSTRACT
Mestel determined the surface mass distribution of the finite disk for which the circular velocity
is constant in the disk and found the gravitational field for points in the z = 0 plane. Here we find
the exact closed form solutions for the potential and the gravitational field of this disk in cylindrical
coordinates over all the space. The Finite Mestel Disk (FMD) is characterized by a cuspy mass
distribution in the inner disk region and by an exponential distribution in the outer region of the disk.
The FMD is quite different from the better known exponential disk or the untruncated Mestel disk
which, being infinite in extent, are not realistic models of real spiral galaxies. In particular, the FMD
requires significantly less mass to explain a measured velocity curve.
Subject headings: celestial mechanics - gravitation - methods: analytical - galaxies: kinematics and
dynamics
1. INTRODUCTION
Binney & Tremaine (2008) give a summary of some
of the explicit potential-density pairs available for the
study of spiral galaxies and the mathematical methods
used to discover these relationships. At the best of our
knowledge, no finite thin-disk solutions are available, and
this lack has hampered the study of the dynamics of
spiral galaxies. Solutions on the z = 0 plane exist for
the exponential disk and for the untruncated Mestel disk
(Binney & Tremaine 2008) and these have been most fre-
quently used to model spiral galaxies. A major problem
is that these disks of infinite extent can over-predict the
total mass and mass surface density associated with a
measured velocity profile.
Schulz (2009) recently presented the complete closed
form solution of the Maclaurin disk and a few related
disks over all the space. The Maclaurin disk is applicable
to the study of spiral galaxies for which the rotational
velocity rises to the edge of the disk as is seen in irregular
galaxies.
Here we present the explicit expressions for the po-
tential and gravitational field of the finite Mestel disk
(hereafter FMD) which was first introduced by Mestel
(1963). Until now the force vectors of the FMD were
only known for points in the plane of the disk, and there
was no analytical solution of the potential.
Throughout this work we use the notation that M
is the total disk mass, α is the disk radius, G is the
gravitational constant, and (R, z) are the cylindrical co-
ordinates in each meridional plane.
2. THE SOLUTION OF THE FINITE MESTEL DISK
Schulz (2009) performed integral transformations of
the mass distribution and potential of the collapsed
homeoidal disk with respect to a parameter, determin-
ing explicit formula for the potential of a family of disks
which includes the Maclaurin disk. Here we perform a
similar integration of the collapsed homeoidal disk to find
the potential and force vectors of the FMD over all the
space.
earlschulz@gmail.com
Mestel (1963) constructed the mass distribution of the
FMD which results in constant circular velocity over the
entire disk. Lynden-Bell & Pineault (1978) gives a con-
venient form for the surface mass density of the FMD:
ΣFMD(R) =
M
2παR
arccos
(
R
α
)
, R ≤ α. (1)
Remarkably, the mass distribution given by equation
(1) can be obtained by an integral transformation of the
surface density with respect to α of the homeoidal disk:
Σhom(R) =
M
2πα2
√
1−R2/α2 , R ≤ α, (2)
i.e.:
ΣFMD(R) =
1
α
∫ α
0
Σhom(R)dα. (3)
Since this is a linear transformation, the potential and
gravitational fields of the FMD can be found by applying
the same transformation to the gravitational field and
potential of the collapsed homeoidal disk:
F FMD(R, z) =
1
α
∫ α
0
F hom(R, z)dα, (4)
ΦFMD(R, z) =
1
α
∫ α
0
Φhom(R, z)dα. (5)
The explicit expressions for F hom and Φhom are given in
Schulz (2009).
Integration of equation (4) can be performed using el-
ementary functions only. The expressions for the force
vectors are important because these equations can be
used to describe the orbits in the gravitational field of
the FMD. The radial and vertical components of the force
are:
FR,FMD(R, z) = −MG
Rα
[
arcsin (T 1)− | z |√
R2 + z2
arccos (T 2)
]
(6)
and
Fz,FMD(R, z) = −MG sgn(z)
α
√
R2 + z2
arccos (T 2) ,
2where
T 1 =
√
z2 + (α +R)2 −
√
z2 + (α−R)2
2R
,
and
T 2 =
√
R2 + z2
α
T 1.
In the z=0 plane equation (6) simplifies to:
FR,FMD(R, 0) = −πGM
2αR
, R ≤ α,
= −GM
αR
arcsin
(α
R
)
, R ≥ α,
(8)
which is identical except for sign to the formula given in
Mestel (1963). On the z axis the equation (7) simplifies
to:
Fz,FMD(0, z) = −GM
αz
arccot
( | z |
α
)
. (9)
The evaluation of equation (5) for the potential of the
FMD is summarized in the Appendix. At variance with
the force, the potential (equation (A17)), cannot be ex-
pressed using only elementary functions and involves the
dilogarithm function at complex arguments. We recall
that the Euler dilogarithm function (Maximon 2003) is
defined as
Li2(ν) = −
∫ ν
0
ln(1 − t)
t
dt (10)
and is a special case of the polylogarithm function defined
by Lis+1(ν) =
∫ ν
0
Lis(t)
t dt, with Li1(ν) = − ln(1− ν).
Figure 1 provides a contour plot of the FMD potential
at several contour lines which are equally spaced in terms
of potential difference. The isopotential line which passes
through the edge of the disk is flattened by a factor of
about 0.81.
2.1. Asymptotic Series Expansions
The potential of the FMD is not analytic on the disk
and so it is impossible to express the potential as a Taylor
series expansion. Instead, asymptotic expansions of the
potential and force vectors were found in terms of power
series of 1/Rn and 1/zn for R→∞ and for z →∞.
The first few terms of the series expansion of the radial
force vector in the z = 0 plane are:
FR,FMD(R, 0) = −GM
(
1
R2
+
α2
6R4
+
3α4
40R6
+ . . .
)
.
(11)
Figure 3 shows the behavior of the radial force vector
near the edge of the disk and also illustrates the conver-
gence properties of the asymptotic series. As expected,
the radial force decreases more quickly than Keplerian
beyond the edge of the disk and quickly approaches the
asymptotic behavior F ∝ 1/R2. Including more terms
increases the accuracy of the partial sum in the region
near the edge of the disk but convergence is slow and the
series is not useful for computation.
The first few terms of the series expansion of the axial
force vector on the z axis are:
Fz,FMD(0, z) = −GM
(
1
z2
− α
2
3z4
+
α4
5z6
+ . . .
)
. (12)
Unlike equation (11), equation (12) is an alternating
series and has somewhat different convergence behavior.
The axial force decreases less quickly than Keplerian be-
yond the limit of convergence at z = α to approach the
asymptotic behavior F ∝ 1/z2.
2.2. Numerical Testing
Numerical testing was performed in order to verify the
analytical solution of the FMD. Normalized expressions
for the potential and force field were defined by choosing
units such that the disk mass, the gravitational constant,
and the disk radius were all 1.0. The verification con-
sisted of the following tests, all of which were performed
with 80 digit precision:
• The Laplace equation,
1
R
∂
∂R
Φ(R, z) +
∂2
∂R2
Φ(R, z) +
∂2
∂z2
Φ(R, z) = 0, (13)
was verified over a 101 × 101 mesh in the interior
of the region (0 ≤ R ≤ 5, 0 < z ≤ 5). Equation
(13) was evaluated numerically at each of the mesh
points using standard finite difference approxima-
tions and using Φ as given by equation (A17). The
derivative of the potential cannot be calculated for
points R = 0 or z = 0 and so these points were
offset by a small amount. The largest calculated
value of the Laplace equation was 1.9×10−8 show-
ing that equation (13) is satisfied over the entire
space outside the disk.
• As shown in the Appendix, the potential of the
FMD is a real-valued function of real variables
which involves complex components. The imagi-
nary parts cancel analytically but, due to roundoff,
the calculated results might include an imaginary
component. It was verified that the imaginary com-
ponents were negligible at all points.
• The force field is defined by the relationship
F = −∇Φ. This relation was evaluated numeri-
cally and the resulting values compared to the force
vectors given by (6) and (7). The evaluation was
performed at each of the points of the 101 × 101
mesh described above and the difference was neg-
ligibly small.
• From the Laplace equation for a flat disk
lim
z→0+
Fz(R, z) = −2πGΣ(R). (14)
This relation was checked numerically at 100 radial
points and the difference was negligibly small.
These numerical tests confirm that the analytical ex-
pressions for the solution of the FMD presented here are
correct.
3. DISCUSSION
A fundamental problem of the study of galaxy dynam-
ics is to determine the mass model which best fits obser-
vational data. The FMD is the an appropriate model of
a spiral galaxy in that both the mass distribution and
the velocity curve of this disk match those of a typical
spiral galaxy.
3• The flat velocity curve of the FMD is typical of
spiral galaxies.
Although there is a lot of variation in galaxy rota-
tion curves, most are flat or nearly so in the outer
parts of the stellar disk. Sofue (1996) provides
high-resolution position-velocity curves of nearby
spiral galaxies based on CO line emission for the
inner few kpc and on Hi observations for the outer
region. They show that, in general, the rotation
curves of spiral galaxies are nearly flat, even in
the innermost region where the curve rises steeply
within a few hundred parsecs.
The flat rotation curve of spiral galaxies might
be the expected result of evolution. Saio & Yoshii
(1990) demonstrates that a flat rotation curve and
exponential mass distribution results from the vis-
cous contraction of a protogalactic disk with on-
going star formation. Working in the context of
an infinite disk, Bertin & Lodato (1999), finds that
viscous flows in a self-gravitating disk and ongoing
star formation result in a flat rotation curve.
• The mass distribution of the FMD approximates
the observed mass distribution of spiral galaxies.
The mass distribution of spiral galaxies generally
follow Freeman’s law (Freeman 1970) that lumi-
nosity profiles of disk galaxies usually decrease
exponentially beyond the inner region: Σ(R) ∼
exp−R/h0 . Very often this exponential disk sur-
rounds a central bulge and a massive central black
hole. The FMD is a truncated exponential disk
with a concentrated central region. Figure 2 plots
the normalized surface mass distribution of the
FMD given by equation (1). Beyond about 0.2α
the distribution approaches Σ ∝ exp(−R/h0) so
closely that the two functions are indistinguishable.
The total mass of the FMD is:
M =
∫ α
0
2πRΣFMD(R)dR =
2αVc
2
πG
(15)
Where α is the radius of the disk and Vc is the cir-
cular velocity which is constant over the disk. In
comparison, an assumed spheroidal mass distribu-
tion requires a greater mass, by factor of π/2 ∼ 1.6,
to explain the same circular velocity profile.
The scale length of the exponential fit of the sur-
face mass distribution shown in figure 2 is about
one third of the radius of the disk: h0 = α/3.1.
This applies to the outer region of the disk where
the surface mass distribution of the FMD is indis-
tinguishable from that of an exponential disk. In
principle, this ratio could be confirmed by obser-
vation, noting that the factor 1/3.1 applies to the
scale length of the mass distribution not the scale
length of the luminosity function.
29% of the total mass of the FMD is within the
inner region R ≤ 0.2α where the distribution ap-
proaches Σ ∝ 1/R. Identifying this region with
the bulge of a spiral galaxy, it follows that the ro-
tational velocity can be used to calculate directly
both the mass of the bulge and the mass of the
disk. This is significant because these two regions
typically have different mass-to-light ratios which
are difficult to constrain.
The FMD is a better representation of a spiral galaxy
than the simple exponential disk with Σ ∼ e−R/h0 be-
cause the exponential disk in infinite in extent and does
not have a flat rotation curve. Of course, many stud-
ies have used the so-called ”maximum disk” model con-
sisting of an exponential disk, a bulge component and
a dark halo component which can reproduce almost any
rotation curve. However, the procedure of fitting a ro-
tation curve using these several components is under-
constrained. The masses of the disk, halo, and bulge
are free parameters as are the disk scale length and the
several free parameters which describe the mass distri-
butions of the bulge and halo. More than one solution
is possible, depending on the analyst’s choice of the free
parameters.
The FMD is often conflated with the more commonly
used untruncated Mestel disk which was also introduced
in Mestel (1963). However the two disks are quite differ-
ent. The untruncated Mestel disk has a constant circular
velocity but has infinite mass, is infinite in extent, and
the mass distribution Σ = σ0/R does not approximate
the distribution seen for physical disks. Despite these
limitations, the untruncated Mestel disk has the appeal
of simplicity and is often chosen for various studies.
A flat disk model requires less mass than a spheroidal
mass distribution to explain the same rotation curve. Ta-
ble 4 compares three disk models which can be used to
model disk galaxies and shows that a factor of ∼ 0.64,
is required to correct the result of a spherical model to
that of a FMD for the case of a flat rotation curve. In
the case of a rising velocity curve, a correction of ∼ 0.42
is required to correct the result a spherical model to that
of a Maclaurin disk. These large errors which can arise
from an improper choice of a disk model are often ne-
glected but should be kept in mind when interpreting
rotational velocity data.
The Maclaurin disk is one of the few finite disks which
have been completely solved (Schulz 2009) and which,
along with the FMD, is a reasonable model of a spi-
ral galaxy. The Maclaurin disk, also known as the
Kalnajs disk (Kalnajs 1972) results from the collapse
of a rotating spheroid onto the plane. The Maclaurin
spheroid has been studied since the time of Newton (e.g.,
Chandrasekhar 1987; Binney & Tremaine 2008; Bertin
2000, for a historical summary and discussions of the use
of the Maclaurin spheroid and disk to study the stability
of rotating bodies).
The Maclaurin disk is defined by
Σ =
3M
2πα2
√
1−R2/α2 (16)
This distribution is flat at the origin and falls off rela-
tively slowly toward the edge of the disk. The circular ve-
locity rises linearly to a maximum at the edge of the disk.
This flat central surface density and linearly rising veloc-
ity curve is characteristic of irregular galaxies. The total
mass of the Maclaurin disk can be found from the veloc-
ity at the edge of the disk with the formula 4αV 2e /(3πG).
In comparison an assumed spheroidal mass distribution
would require a greater mass, by factor of 3π/4 ∼ 2.4, to
4explain the same circular velocity profile. The large fac-
tor which must be applied in the case of a rising velocity
curve has been neglected and has lead to the prediction
of large amounts of dark matter in irregular galaxies.
Dark matter halos are not required to explain the
rotation curves of the stellar disks of disk galax-
ies (Palunas & Williams 2000; Bertin 2000; Creze et al.
1998). The best evidence for dark matter halos comes
from the velocity curves of the Hi gas which extends be-
yond the stellar disks. This gas is often seen to have
a flat rotation curve far beyond the distance at which
the gravitational attraction of the disk and bulge should
be Keplerian. There are a few alternate explanations
of the velocity of extended Hi disks. First, the MOND
(Modified Newtonian Dynamics) hypothesis of Milgrom
(1983) proposes that Newtonian mechanics break down
below a threshold acceleration a0. Beyond this threshold
the acceleration due to gravity is proportional to 1/R
rather than 1/R2. Second, the Magnetic Hypothesis
(Nelson 1988; Battaner & Florido 2000; Battaner et al.
2002) proposes that the rotation of the Hi gas in the
outer part of disk galaxies is governed by magnetism
rather than gravity. This subject is not yet understood
very well and FMD model presented may help decide
among the several the several alternative explanations of
the kinematics of the outer Hi gas.
3.1. Applications
The FMD is a suitable model of the galaxy potential
and force field of typical spiral galaxy and it is expected
that the solution presented here can be applied to sev-
eral current astrophysical problems. Some current ar-
eas of study which would benefit from a more physically
meaningful model of the gravitational potential of a disk
include:
• The “galactic fountain” model of gas flow within
a disk galaxy (Shapiro & Field 1976; Bregman
1980a,b) holds that hot gas is ejected from the
galactic disk by supernova explosions and part
of this gas condenses into clouds which fall back
onto the disk at high velocity. This model is
widely accepted and some progress has been made
to develop more details of the transport of gas
and metals and the resulting chemical evolution of
the disk. See especially Spitoni et al. (2008) and
Spitoni & Matteucci (2011) and references therein.
The rotational velocity of extra-planar gas in spiral
galaxies is observed to decrease linearly with height
above the disk(Fraternali et al. 2005; Rand 1997,
2005) and this behavior has not yet been under-
stood completely. Barnabe et al. (2006) compares
two models of the extra-planar gas which attempt
to describe the decrease of velocity with height: a
ballistic model and a baroclynic model. The bal-
listic model did not reproduce the data while the
baroclynic model was more successful. More re-
cently, Marinacci et al. (2011) modeled with par-
tial success the case in which cold (∼ 104 ◦K) gas
is ejected from the disk and interacts with hot
(∼ 106 ◦K) gas in the halo.
These studies would benefit from the application of
the FMD model which predicts that the radial at-
traction of a disk-dominated galaxy decreases with
increasing height in a way which explains most of
the observed effect.
• Malasidze & Todua (2008) and
Dejonghe & de Zeeuw (1988) investigate or-
bits in the potential of a galaxy disk especially
as applicable to the study globular clusters. The
potential of the disk is assumed to be the Kuzmin
(1956) potential
Φ(R, z) = −GM [R2 + (| z | +z0)2]−12
and the main parameters of the disk were deter-
mined based on a fit to the measured data of
Dauphole et al. (1996). A galaxy model based on
the FMD would provide more relevant information
for this sort of study, especially near the edge of
the stellar disk.
4. CONCLUSIONS
We have presented the complete closed form solution
in cylindrical coordinates for the gravitational potential
and force field of the FMD. The mass distribution and
the rotation curve of the FMD match those of typical
spiral galaxies and so this work provide a useful model
for the study of the properties of disk galaxies.
The FMD is defined by two parameters, disk mass and
disk diameter, in contrast to the commonly used maxi-
mum disc solution which permits many free parameters.
This simpler description will allow us to standardize the
characterization of populations of spiral galaxies which
will aid in the study of, e.g., relations such as the bary-
onic Tully-Fisher relation or the Magnitude-Diameter re-
lation.
Maple 11 was used to help solve the complicated in-
tegrals which were encountered and to perform the high
precision numeric verification.
5APPENDIX
THE POTENTIAL OF THE FINITE MESTEL DISK
We start reporting the potential for the collapsed homeoidal disk (Schulz 2009):
Φhom(R, z) = −GM
2α
[
arcsin
(
α− i z
R
)
+ arcsin
(
α+ i z
R
)]
, (A1)
where the disk surface density is given in equation (2).
From the linearity of equation (3), it follows that the potential of the finite Mestel disk is found by applying the
transformation (3) to the potential of the collapsed homeoidal disk;
ΦFMD(R, z) =
1
α
∫ α
0
Φhom(R, z)dα, (A2)
=
−GM
2α
∫ α
0
arcsin
(
α+i z
R
)
+ arcsin
(
α−i z
R
)
α
dα. (A3)
ΦFMD is a well-behaved function of the parameter α for arbitrary non-zero R and z. That is, the potential at a
spatial point (R,z) not on the disk changes smoothly as the disk radius is varied. In fact, ΦFMD is an analytic function
of α for complex α over the entire complex plane except for points on the disk.
We construct the solution to (A3) using the solution of the simpler integral
φ1(β, ζ) =
∫ β
ǫ
arcsin (t+ i ζ)
t
dt, (A4)
where the integration path for equation (A4) is along a line segment on the real axis. Here the parameter ǫ was
introduced to avoid the pole of the integrand at t = 0 and we take ζ 6= 0, 0 < ǫ < β < 1, to ensure that the integrand
is analytic in a region surrounding the path.
The solution to equation (A3) is then:
ΦFMD(R, z) = −GM
2α
lim
ǫ→0
[φ1(α/R, z/R) + φ1(α/R,−z/R)]. (A5)
Make the change of variable w = arcsin(t+ i ζ):
φ1(β, ζ) =
∫ w1
w0
w cos(w)
sin(w)− i ζ dw, (A6)
where w1 = arcsin(α + i ζ) and w0 = arcsin(ǫ + i ζ). The path of integration of equation (A6) is taken the straight
line segment connecting points w1 and w0. The transformation is one-to-one near the integration path and so this is
a conformal mapping from one analytic domain to another.
Expand the integrand of (A6) using the identities cos(w) = (ei w + e−iw)/2 and sin(w) = (ei w − e−i w)/2:
φ1(β, ζ) =
∫ w1
w0
i w(e2i w + 1)
e2i w + 2ζeiw − 1dw. (A7)
Define λ =
√
ζ2 + 1 + ζ so that 1/λ =
√
ζ2 + 1− ζ:
φ1(β, ζ) =
∫ w1
w0
i w(e2i w + 1)
(ei w + λ)(ei w − 1/λ)dw. (A8)
Expand the integrand:
φ1(β, ζ) =
i λ
1 + λ2
∫ w1
w0
(
− w
eiw + λ
+
w
eiw − 1/λ −
we2i w
ei w + λ
+
we2i w
eiw − 1/λ
)
dw. (A9)
The integral can be solved by using the formulae:∫
t
et + c
dt =
t2
2c
− t ln(1 + e
t/c)
c
− Li2 (−e
t/c)
c
, (A10)∫
te2t
et + c
dt = (t− 1)et − ct ln(1 + et/c)− cLi2
(−et/c) . (A11)
6Equations (A10) and (A11) can be proved by differentiation using the definition of Li2, the dilogarithm function,
given by equation (10).
Collect terms:
φ1(β, ζ) = −iLi2(ei wλ)− iLi2(−eiw/λ)− i w2/2 + w ln(1 + eiw/λ) + w ln(1 − λeiw)
∣∣∣∣∣
w1
w0
. (A12)
Evaluate this expression, make the substitution λ =
√
1 + ζ2 + ζ, and simplify the result using the identity
(Gradshteyn & Ryzhik 2007, 1.622):
i ln(t− i
√
1− t2) = arccos(t). (A13)
The solution to equation (A6) is :
φ1(β, ζ) = φ2(β, ζ) − φ2(ǫ, ζ), (A14)
where
φ2(β, ζ) =− iLi2
{[√
1 + (i β + ζ)2 − ζ + i β
](
ζ −
√
1 + ζ2
)}
− iLi2
{[√
1 + (i β + ζ)2 − ζ + i β
](
ζ +
√
1 + ζ2
)}
+
1
2
i arcsin2 (β + i ζ) + [ln (2β)− π2i ] arcsin (β + i ζ) .
(A15)
The limit at ǫ→ 0 is required. After some simplifications we find that:
lim
ǫ→0
[φ2(ǫ, ζ) + φ2(ǫ,−ζ) = i arcsinh2(ζ)− 1
6
π2 . (A16)
Use equations (A14) and (A16) to evaluate equation (A5):
ΦFMD(R, z) =
−GM
2α
[
φ3(R, z) + φ3(R,−z)− i arcsinh2
( z
R
)
+
1
6
π2
]
, (A17)
where
φ3(R, z) =− iLi2


[√
R2 + (i α+ z)2 − z + i α
](
z −√R2 + z2
)
R2


− iLi2


[√
R2 + (i α+ z)2 − z + i α
](
z +
√
R2 + z2
)
R2


+
1
2
i arcsin2
(
α+ i z
R
)
+
[
ln
(
2α
R
)
− π
2
i
]
arcsin
(
α+ i z
R
)
.
(A18)
The terms of equation (A17) become large near the z = 0 plane and near the R = 0 axis so that equation (A17) is
unusable those regions. The potential in these regions was found by finding the limits of equation (A17).
The potential in the z = 0 plane is:
ΦFMD(R, 0) =
πGM
2α
ln
(
R
2α
)
, R ≤ α,
ΦFMD(R, 0) =− GM
α
[
i π2
12
+
i
2
arcsin2
(α
R
)
+ ln
(
2α
R
)
arcsin
(α
R
)
− i π
2
arcsin
(α
R
)
− iLi2
(
−
√
R2 − α2 + i α
R
)
− iLi2
(√
R2 − α2 + i α
R
)]
, R ≥ α.
(A19)
The potential on the z axis is:
ΦFMD(0, z) =
i GM
2α
[
Li2
(
i α
| z |
)
− Li2
(
− i α| z |
)]
. (A20)
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Figure 1. Potential of the finite Mestel disk. The isopotential which passes through the edge of the disk is flattened by a factor of
0.81. The isopotential through (0.2,0.0) is flattened by a factor of 0.53. The potential is flattened near the disk but quickly becomes quite
rounded.
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Figure 2. Normalized surface mass distribution of the finite Mestel disk. The circular velocity of this disk is constant for 0 ≥ R ≤ α. The
dashed line is an exponential which was fit analytically at R = α/2. The curves are identical in the disk region beyond R ≥ 0.2α.
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Figure 3. Radial Force Vector of the finite Mestel disk in the plane of the disk. The radial force the disk edge (α = 1) is greater than the
Keplerian 1/R2 curve by a factor of 1.6. Beyond the disk, the force decreases quickly and joins the Keplerian curve by about R = 1.3α.
More terms of the series expansion improve the fit somewhat for points beyond the disk edge.
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Table 1
Total Mass of Disk Galaxies
Mass Distribution Total Disk Mass Velocity Curve
Central Spheroid - - -
αV 2
e
G
Falls as 1/
√
R
Finite Mestel Disk
M
2piαR
arccos
(
R
α
)
2
pi
αV 2
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Constant
Maclaurin disk
3M
2piα2
√
1−R2/α2 4
3pi
αV 2
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Rises Linearly
